In [4] , Phelps showed that in certain function algebras the unit ball is the closed convex hull of its extreme points. The algebra, C(X), of complex valued continuous functions on a compact Hausdorff space, will always have this property. The class of logmodular algebras which have a Gleason part which is total also was shown to have the property. In this paper we give an elementary proof of the first result (a proof which is, in theory at least, constructive).
The simplest nontrivial example of a logmodular algebra with a total part is the disk algebra (i.e. the functions continuous on the closed disk and analytic in the interior). For this algebra we show that the extreme points (in fact the exposed points) of the unit ball form a dense subset of the boundary of the unit ball.
Let U be the unit ball of C(X). It is well known that q in U is an extreme point of U iff [ g(x) [ = 1 for all x in X. Now if / in U never vanishes, then / is in the closed convex hull of the extreme points; in fact/ is between two uniquely determined extreme points. We need only observe that for each x in X,f(x) is halfway between two uniquely determined extreme points of the disk and that these points vary continuously with x. Now it is not necessarily the case that each function in U can be approximated by a nonvanishing function. For a counterexample we need only look at h(z) =2 in the algebra of continuous functions on the disk. (If \f(z)-z\ gl, then any fixed point for the difference is a zero for/.) However if we can show that h(z)=z can be approximated by convex combinations of extreme functions in C of the disk, the problem will be completely solved. For if g is in the ball of C(X) and we can write \z-]Ca>2«(z)| <e f°r |z|gl, then we can compose to get \z o g(x)-X)a<?«'° i(x)\ <e for all x in X. Then to show h(z)=z admits the desired approximation we pick 0<e<l.
We construct a retract map/ of the disk onto the disk with a wedge removed. The wedge should contain z = 0 in its interior and have its vertex inside the disk \z\ <e. We also take the wedge so narrow that there are N rotations of the wedge which are disjoint in the annulus eg \z\ gl where Af>l/e. Let/i,i = l, • • ■ ,Nbe the retract maps obtained from these rotations. Then | l/N^fi(z)-z\ g2e for \z\ <e. If eg \z\ gl, then fi(z)=z for all but at most one value of i. We then obtain 2/Arg2e as the estimate for eg \z\ gl.
So h(z) can be approximated by a convex combination of nonvanishing functions of modulus at most 1; each of these, in turn, is a convex combination of extreme functions.
If X is not finite, C(X) can be given an equivalent norm so that the unit ball of the new norm has no extremes. Pick g to be any lower semicontinuous function on X which satisfies 0<r<g(x)<s < oo for all x in X. Let K= {/EC(X): \/(x)\ gg(x) for all xEX];
the Minkowski functional of K is an equivalent norm. Suppose g is continuous.
Rather than modify the above proof we can observe /-*gf is a linear and topological automorphism of C(X). Then / is extreme in K iff |/| =g, and K is the closed convex hull of its extreme points. If X is not finite, we can choose a discontinuous g; K then has no extremes. Now we consider the disk algebra. If / in the unit ball has the property that the set \\z\ = 1: \/(z) \ = 1} has positive measure then / is extreme. For if /= 1/2(gi+g2), then gi-g2 = 0 on a set of the circumference of positive measure. Actually the condition holds iff / is an exposed point of the ball; see [4] . We will not need this last fact. We will need the following result of Bieberbach from conformal mapping [see 1, p. 136 or 2, p. 181]. Let R be a simply connected region with a rectifiable boundary whose boundary curve is of length L. Let 17, -2ir| <e-27r where 0<e<l
and suppose that the boundary curve lies entirely in the annulus formed by the two concentric circles whose center is at z = 0 and whose radii are 1 -e and 1 +e. Let/ be the analytic function that gives a conformal mapping of \z\ < 1 onto R and that satisfies/(O) = 0 and/'(0)<0.
Then the following relation holds in |«| SI; |/(z)-z| <(2-2)w(2e)1'i.
Theorem. The set o/ points o/ the unit sphere S o/ the above /orm are dense in S.
Proof.
Let A(l) be the closed unit disk. Given / in S, we can approximate/ by a polynomial P so that ||P||00 = 1. Now P(A) is a Jordan domain (at least upon taking the union of P(A) with any bounded components of the complement). Let A(r) be the disk of radius r<l and set R(r) = P(A)WA(r). Take r<l so large that the length of the boundary of R(r) is within 2we of 2x. Then take r even larger if necessary to obtain also r^l-e.
(We can take r<\ still larger if necessary so that R(r) is simply connected; in this case the plugging of the holes mentioned above is not necessary to obtain a Jordan domain.) Then by the Bieberbach Theorem there is a conformal map <p (the inverse of the map / of the theorem) of R(r) onto the closed unit disk which is an approximation of the identity map. From the density of extreme points in S, it follows at once that U is the closed convex hull of its extreme points.
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